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' Abstract. By using certain idea developed in minimal submanifold theory we 

, study rigidity problem for self-shrinkers in the present paper. We prove rigidity 

results for squared norm of the second fundamental form of self-shrinkers, either 
, . under point-wise conditions or under integral conditions. 
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1. Introduction 

The subject of self-shrinkers are closely related with the theory of minimal sub- 
manifolds, as shown by previous works [5] and [6]. 



There are intrinsic rigidity and extrinsic rigidity for minimal submanifolds in the 
unit sphere. The intrinsic rigidity implies gap property of the scalar curvature, 
so is the squared norm of the second fundamental form by the Gauss equations. 
^ ■ The extrinsic rigidity describes the gap phenomenon for the image of the Gauss 

^ ■ maps. Both properties of minimal submanifolds were initialed by J. Simons in his 

0^ ! fundamental paper [20] • Since then, the extensive works appeared to contribute to 

' this interesting problem. 

in : 

O ' Besides the interest in the own right, the rigidity problem in the sphere is also 

related to the Benstein problem for minimal submanifolds in the Euclidean space 



^ I We now study the rigidity problem for self-shrinkers. Now, there is no intrinsic 

^ I rigidity. However, there also exist gap phenomena for the squared norm of the 

" ■ ■ second fundamental form and the image of the Gauss maps. In the present paper 

we only pay attention to the gap phenomenon for the squared norm of the second 
fundamental form. As for the gap phenomenon for the image under the Gauss maps 
we will write another paper to contribute to the problem. 

The first gap of the squared norm of the second fundamental form for self- 
shrinkers was obtained by Cao-Li [2J (which generalized codimension 1 case in [T5]). 



Chern-doCarmo-Kobayashi in [4] confirmed that the Simons first gap in [20] is 
sharp and raised to study the subsequent gaps. Peng-Terng in ^18] and [19] stud- 
ied the second gap of squared norm of the second fundamental form for compact 
minimal hypersurfaces in a unit sphere. They obtained pinching results for minimal 
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hypersurfaces of constant scalar curvature in any dimension and that without the 
constant scalar curvature assumption in lower dimensions. After that, there are 
many works on this problem. Recently, we confirm the second gap in any dimension 
without constant scalar curvature assumption [7j. 

In the present paper we employ the similar idea in our previous work [7] to study 
the second gap for self-shrinkers. The results will be given in the Theorem 14.41 We 
also study the self-shrinker surfaces in with constant squared norm of the second 
fundamental form. They can be classified, as shown in the Theorem 4.2. 

By using Sobolev's inequality, Ni [17] proved gap results for minimal hypersurfaces 
under the integral conditions on the squared norm of the second fundamental form. 
For self-shrinkers , there is also Sobolev's inequality, which can be used to obtain gap 
results for self-shrinkers, in a manner analog to that in [T7], as shown in Theorem 
13.11 But, our direct integral estimates apply to arbitrary codimension not only for 
self-shrinkers, but also for minimal submanifolds with corresponding modifications. 

The organization of the present article is as follows: In next section, we fix the 
notations and derive basic formulas in a manner as in [23] , which will be used in the 
later sections. In §3, we prove rigidity results in higher codimension. In the final 
section, we give rigidity results in codimension 1. 

2. Preliminaries 

Let M be an ?7,-dimensional Riemannian manifold, and X : M — )■ R'""'"" be an 
isometric immersion. Let V and V be Levi-Civita connections on M and R™'+", 
respectively. The second fundamental form B is defined by B(y, W) = (VyW)'^ = 
VyW — VyW for any vector fields V, W along the submanifold M, where (■ ■ ■ )^ 
is the projection onto the normal bundle NM. Similarly, (■ ■ ■ stands for the 
tangential projection. Taking the trace of B gives the mean curvature vector H 
of M in R'""'""', a cross-section of the normal bundle. In what follows we use V 
for natural connections on various bundles for notational simplicity if there is no 
ambiguity from the context. For u G r{NM) the shape operator A'^ : TM — )■ TM, 
defined by A-'iV) = -(Vyz/)^, satisfies {Byw, t^) = {A^iy), W) . 

The second fundamental form, curvature tensors of the submanifold, curvature 
tensor of the normal bundle and that of the ambient manifold satisfy the Gauss 
equations, the Codazzi equations and the Ricci equations. 

We now consider the mean curvature flow for a submanifold M in R™'"'"". Namely, 
consider a one-parameter family Xt = X{-,t) of immersions : M — )■ M™+"' with 
corresponding images Mt = Xt{M) such that 

^X(x,t) = H(x,t), xeM 
at 

X(x,0) = X{x) 
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is satisfied, where H{x,t) is the mean curvature vector of Mj at X{x,t) in 



pm+n 



An important class of solutions to the above mean curvature flow equations are 
self-similar shrinkers, whose profiles, self-shrinkers, satisfy a system of quasi-linear 
elliptic PDE of the second order 

(2.1) H = - — . 



Let A, div and djj, be Laplacian, divergence and volume element on M, respec- 
tively. Colding and Minicozzi in [5j introduced a linear operator 

£ = A - ^(X, V(-)) = e^div(e-^V(-)) 

on self-shrinkers. They showed that C is self-adjoint respect to the measure e ~diJ,. 
In the present paper we carry out integrations with respect to this measure. We 

denote p = e * and the volume form dp might be omitted in the integrations for 
notational simplicity. 

In this section we derive several basic formulas for self-shrinkers. Some of them 
have been known in the literature. For convenience, we derive them here in our 
notations. 

For minimal submanifolds in an arbitrary ambient Riemannian manifold J.Simons 
PU] derived the Laplacian of the squared norm of the second fundamental form. For 
arbitrary submanifolds in Euclidean space Simons type formula was also derived 
(see [21], [22], for example). 

Choose a local orthonormal frame field {ei,ea} along M with dual frame field 
{ui,Ua}, such that Cj are tangent vectors of M and are normal to M. The 
induced Riemannian metric of M is given by ds\f = cof and the induced structure 
equations of M are 

dui = Uij A Uj, Uij + Uji = 0, 

diUij = UJik A LOkj + iOia A UJaj, 

Qij = dbJij — UJik A OJkj = —^Rijkl^k A OJl- 

By Cartan's lemma we have 

Here and in the sequel we agree with the following range of indices 
^ h jy ■ ■ ■ < n, n + 1 < a, /3, 7, ■ ■ ■ < n + m. 



Set 



B 



B. 



(Ve.e,) 



N 



5n 
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Then, 



a 



From Proposition 2.2 in [22] we have 

A\B\^ = 2 I V5|2 + 2 {ViVjH, Bij) + 2 (5^,-, if) {Bik, Bjk) 

/3- 



(2.2) - 2 ^|[A"",A'='']|2-2 



We suppose that the local orthonormal frame field {cj}"^^ is normal at a consid- 
ered point p G M. From the self-shrinker equations (12. ip we obtain 

(2.3) V,H = ^{X,ek)B^k, 
and 

(2.4) ViWjH = ^Bi, - {H, Bik)Bjk + ^{X, ek)ViBjk. 
Combining (12. 2 p and (I2.4p (and using the Codazzi equation), we have 

(2.5) ^\B\' = 2|Vi?r + \B\'-2 5^ A^^]^ - 2 ^ S^,. 

This is the self-shrinker version of the well-known Simons' identity. In particu- 
lar, when the codimension m = 1, the above Simons' type identity reduces to the 
following one: 



(2.6) C\B\'^ = 2\VB\'^ + 2\Bn - -\B 



In general, we know from [20] 

5^i[A-,A^'']p+5^s^,<(2-i)ii?r. 

When the codimension m > 2 the above estimate was refined [Ti][3] 

Combining (12. 5 p and the above inequality, we have 

(2.7) > 2|V|B|p + -3|5|^ 

here we use rough estimates |V-Bp > |V|-B|p. It can be refined by so-called Kato's 
type inequality. 
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From fl2.4p (and using the Codazzi equation) we have 
A|iJp = 2{H, V'^H) + 2\VH\^ 



\H\' -2Y,\{H, + Ux, V\H\') + 2\VH\ 



It follows that 



(2.8) C\H\'^ = \H\'^ - 2J2\{H, Bij)\^ + 2\VH\ 



3. Rigidity results in High Codimension 



First of all we use formula fl2.8p to obtain a rigidity result for the squared norm 
of the second fundamental form which was already known [2]. 

Proposition 3.1. Let M" be a complete properly immersed self-shrinker in R""*""^ 
with < |, then either \B\ = 0, and M is a n-plane or = |, and M is a 
product S^{^/2k) x W'^ forl<k<n. 

Proof. Let 77 be a smooth function with compact support in M, then by (I2.8p . we 
have 

J M 

(3.1) =1 / iC\Hf)rj^p=l [ dWipVm^W 



- / 7]pV\H\'^ -Vt] <]- [ |V//|Vp + 2 / \H\^\Vri\^p. 

M 2 Jm Jm 



J2\{H,B,,)\'<\H\'\B\', 



Since 
(3.2) 

we then have 

(3.3) / \H\\1-\B\^Wp + 1 [ \VH\yp<2l |//nVry|V 

I X I 

If M is compact, we choose r/ = 1, otherwise, let ^{X) = rir{X) = for any 

r > 0, where is a nonnegative function on [0, +00) satisfying 

f 1 if X G [0, 1) 

(3.4) ^{x) = \ 

if a; G [2, +00), 
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and 10' I < C for some absolute constant. Noting the Euclidean volume growth of M 
by our previous result in [8j and \H\ < \\X\, the right hand side of fl3.3p approaches 
to zero as r — )■ +00. This implies that H'^{\ — = and |Vif| = 0. Since 

V|ifp = 2{H,VH), then \H\ is a constant. If \H\ = 0, then M is a n-plane. 
Otherwise \H\ > and |-Bp = |. Moreover, fl3.2p takes equality, which implies 
Bij = {Bij,u)iy for any v = -j^. By Theorem 1 of Yau in M lies some 

n + 1-dimensional linear subspace M""*"^. From (12.61) . |V-B| = which implies that 
the eigenvalues of B are constants on M. In Theorem 4 of |T3] , Lawson showed that 
every smooth hypersurface with V-B = splits isometrically as a product of a sphere 
and a linear space(i.e. x M"~'^). Furthemore, by the self-shrinker equation (12. ip . 
the /c- dimensional sphere should has the radius V2k and centered at the origin. □ 



There is a Sobolev inequality (see [I6]) as follows 

( n-2 
[ g^^dfA " < / \Vg\Mp + l [ \HWdp, ygeC^iM), 
J M J J M ^ J M 

where k > is a constant. Besides using (13.50 . the Simons type inequality in 
self-shrinker version (12.71) would be used in the following result. 

Theorem 3.1. Let M'^ he a complete immersed self-shrinker inW^^"^ . If M satisfies 
an integral condition (J^^ |i?|"d/i)^''" < \J^^, then \B\ = and M is a linear 
subspace. 

Proof. Let r/ be a smooth function with compact support in M. Multiplying 
on both sides of (12. 7p and integrating by parts yield 
(3.6) 

>2 I 

M 



M 



M 



-2 2 1 

n p + 


/ \b\Wp- 

J M 


JM 




f2 2 

V P 


- / 7]'\Br'C\B\'' 

JM 


-2 2 1 

V P + 


[ |5|Vp- 

J M 


'I 

JM 




f 2 2 

V P 




■V{\B\ 














Vp+ / \B\ 

J M 


IVp 


-3^ 


M 


n+2^2p 



+ 4 / (V|5| ■ Vr/)|5|"-V 

J M 



By Cauchy inequality, for any £ > 0, we have 
(3.7) 



3 / |5|"+Vp- / |5|Vp + - / l^rivr^iV 



M JM ^ JM 



>2{n-l-e) I |V|S|HS|"-Vp- 

JM 
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Let / = \B\"'^'^ p^/'^T]. Integrating by parts, then we have 



(3i 



M 



\Vf\'=[ \Vi\Br/'v)\'p+U V(|i?|V)-Vp+/ |i?|V|Vp^/^p 
Jm ^ Jai Jm 

= [ |V(|i?r/^r^)|V-^ / |i?|VAp+-^/ |i?|Vl^^lV 
Jm ^ JM -Lo Jm 



By dalD, we have AjXp = 2n- |X^|2(see [5] or [8]), then 



Ap = -^A|Xp + ^|V|X|T = (2n - |X^p) + ^|X^p = -^p + ^|Xp. 



From f l3.8p . we get (see also [9]) 



(3.9) 



iv/r=/ \^{\BT'S)\\-\\ i^rvi^^ rp 

+ 7 / I^IVp-^ / |i?lV|x^lV 



Combining (12. ip . Sobolev inequahty 03. 5p and f l3.9p . we have 
(3.10) 

/ l/l^) " < / |v/p + ^ / |i?lVl^^lV 

JM / JM o JM 

< / iv(ii?r/^r^)rp+^ / i^iVp 

JM ^ JM 

= / (^|V|E|nfi|"-V + n|5r"'^V|5|- Vr/+|5r|Vr/|2)p+^ / I^IVp- 
JM 4 4 Jm 

Combining Cauchy inequahty, (13. 7p and (I3.10p . for any 5 > 0, we have 

n-2 

< 

(3.11) 



<(i+5)t/ ivii?irii?r-Vp+(i + ^) / i^nvr^rp+^z ii?ivp 

4 ./m JAf 4 Jm 



<#4^ ( 3 / i^r^Vp 



(n — 1 — e 



A/ 



/ |5|Vp+- / i5nv77iv 

JAf =^ JM 



+ + M |Sr|Vr/rP+5 / |5|Vp. 
^ Jm 4 Jm 
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Let 6 = 2 "'^+^ - 1 > in (13. lip for some £ > to be defined later, then 



/ I/I 



2n 
I n-2 



M 



.3n n-l + e f ,^|„+2 2„ iDirnvr^is, 



M / \JA/ 



A/ 



Since (/^^ |i?|"d/i)^/" < y 3^, then from (13.121) there is < eo < 1 such that 

n-2 'n-9 

K-'il \f\^\ " _ n-l+£ _ 4(l-£o) / f |^|^ 

VJm / 4 n - 1 - £ 3nK VJa/ 



+ C{e) / l^riVr/lV, 

'Af 



namely, 



n — 2 



Let e = y, since /^^ |i?|"d/i is bounded, then we choose rj as Proposition 13.11 which 
implies \B\ = 0. □ 

Remark For codimension m = 1 case, we can use (12.61) instead of (12. 7p and the 
pinching constant would be better. 



4. Rigidity results for Codimension 1 



Now, we deal with the codimension m = 1 case. We choose a local orthonormal 
frame field {ei, ■ • ■ , e„, i/} in ]R"+^ along the hypersurce M with {cj}"^]^ tangent to 
M and u normal to M. Set the second fundamental form B^.g. = hijV. 

Define the covariant derivatives Dh of h (with component hijk) by 
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and similarly we can define the covariant derivatives hijki and hij^ig. We have the 
Ricci identity 



s=l s=l 
n n n 

hijkls hijksl ^ ^ h^jj^Rj-iig -\- ^ ^ hij.]fR,i~jig -\- ^ ^ h^j^Rfi^ig. 



r=l r=l r=l 



We need the following higher order Simons' type formula for further estimates. 
Theorem 4.1. Let M" be an immersed self-shrinker in R"^^. Then, we have 

(4.2) E - ^^l^^l' = d^l' - 1)1^^1' + 32 + ^|V|i?|T, 

i,j,k,l 

where ^ = Yli,j,k,l,m^ijkhijl^kmhml — '^Yli,j,k,l,m^ijkhklmhimhjl. 

Remark At each point p G M, /ijj can be diagonalized hij = XiSij. Then, 

Proof. We choose a local orthonormal frame field {ei}^^i and normal at a considered 
point p G M, i.e., Ve^ejlp = for any 1 < i,j < n. By Ricci identity f l4.ip . we 
obtain 

^hijf; hijf^ll (^ij7fc ~l~ hirRrjkl ~l~ hrjRrikl)l 

^ijllk ~t~ ^rjl-^rikl ~t~ ^irl-^rjkl ~t~ ^ijr-^rlkl ~t~ ij^ir-^rjkl ~t~ ^rj^rikl)l 
i^hljli -\- hlrRrjil ~\~ hrjRrlil^ k ~l~ h^jlRrikl ~l~ hi^lRrjkl ~l~ hijrRrlkl 
-\- hirlRrjkl ~l~ hrjiRfif^i -\- hiri^Rrjkl) I ~l~ hrj{^Rrikl)l 

jik ~t~ ^vkl-^vjil ~t~ ^rjk-^rlil ~t~ ^^rjl-^rikl ~t~ ^hy-nR^jj^i ~t~ h^ijR^ij^i 
+ hir{Rrjkl)l + hrj{Rrikl)l + hlr{Rrjil)k + hrj{Rrlil)k- 

By (12. 4p (when the codimension is 1), 

(4.4) 2i7ji = e,) + /i^j - 2Hhiihji. 
Since — u) = H = /ijj, then 

2-f(j-ifc =hjiik{X, ei) + hjii{ek, e/) + hjii{X, Vej.e/) + /ij^fe 

(4.5) - 2Hkhiihji - 2H{hikihji + huhjki) 

=hjiik{X, ci) + 2/;,ijfe — 2Hkhiihji — 2H {huhjki + hjihiki + hkihju). 
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Combining (14. 3 p and (I4.5p . we obtain 



A/ijjfc —-hjiik{X, ei) + hijk — H{hiihjik + hjihiki + hkihju) — huhjiHk 
( ) -|- hj.]^iRj.jii -\- hj,jj^R^iii -\- IhfjiR^ij^i -\- 2,h,fiiRrjjf;i -\- h^ijRriki 

+ hir{Rrjkl)l + hrj{Rrikl)l + hir{Rrjil)k + hrj{Rrlil)k- 

A straightforward computation gives 

hijki^^rklR'rjil ~t~ ^rjkRrlil ~t~ ^hyjlRj'ikl ~\~ ^^^rilRrjkl ~t~ ^rijRrlkl 

(4.7) _ ^ ^ K,{R„kl\ + K{Rr,a)k + KARrM 

— hijk{6hrklhrihji — Ghrklhrlhij + Shrijhrkhii — Shrijhrlhkl 

+ 'ihirhrkhjii — 2hirhjkhj.li — hijkhli). 
From Ricci identity fl4.1l) and (12.31) . we have 

g-j ~^i.^ijlk ~ hijkl){X, ei) =—^{hirRrjlk + hrjRrilk){X, 6;) 

^hijkhirhjkHr ^jhijkhirhrkH j . 

By (!M])-(I4S1), we have 

i(A - ^(X, V-))hl^ = Kjk{^K,k - \K,ki{X, ei)) + hl^i 
h ■ k 

= ~^{hijik — hijki){X, ei) + h^j^. + h^jj^i — Hhijk{hiihjik + hjih^ki + hkihju) 



(4.9) 



hijkhilhjiHk ~t~ hijki^hjklRrjil ~t~ hrjkRrlil ~t~ ^h^jlRrikl ~t~ ^hrilRrjkl 
+ hrijRrlkl + hir{Rrjkl)l + hrj{Rrikl)l + hir{Rrjil)k + hrj{Rrlil)k) 

-IhijkhirhjkHr ^hijkhirhykHj + /ij^-fc ~l" ^jj^i '^Hhijkh^jihki h^hjiUkh^jk 

+ hijk{6hrklhrihji — Ghrklhrlhij + Shrijhrkhll — Shrijhrlhkl + Shirhrkhjll 
— 2hirhjkhrll — hijkhri) 

3 

= (1 — \B\ )hij^ + hijf^i + hijk{Qhiuhjyhuvk — Shijuhuvhkv) — 21^1-^1 I • 



□ 



The quantity S can be estimated as follows. 
For 7^ j, by Cauchy inequality, we have 

M - < AI . . ^A? < ^li.,^. 
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Then 
(4.10) 

3S < 4fc + \' + ^fe - 2(A.A, + A,A, + A,Afc)) + 3 h%{\'^ - 4A,A,) 

distinct jA'Aj 



ij,fc distinct j^i^^j 



2 



i,jr',fc distinct j^T^j 

Theorem 4.2. Let 6e a complete proper self-shrinker in M^. //t/ie squared norm 
of the length of second fundamental form is a constant, then \B\^ = or ^. 

Proof. If mean curvature H is non-positive, then by Huisken's classification theorem 
(see [5][Il][l2]) and Euchdean volume growth |8j, we know Abresch-Langer curve [1] 
has not constant curvature, then M is isometric to x R^^'^' for < A; < 2. Hence 
= 1 or 0. 

Now, we suppose that the mean curvature H changes sign and \B\^ > |. For any 
fixed point p with mean curvature H\p = 0, we suppose that {61,62} is normal at 
the point p and hij = \i5ij for i = 1, 2, then 

(4.11) Ai + A2 = 

at the point p. In this proof, we always carry out derivatives at p. 

By = \{\B\^)k = Y.i,j hijhijk = Xihuk + \2h22k and f|4.11|). we have 

(4.12) hui = hi22, hii2 = /l222- 

Then 

(4.13) \S/B\' = Y,hl, = Ahl,, + Ahl22. 
Since 

ftiii + ft22j — - — nij - — - — \, 

and denote (X, Ci) by Xi, then by (14.121) . we have 

(4.14) kill = ^xiAi, /i222 = ^a;2A2. 
Combining fITTT]) . f l413|) . fl4J4|) and H = = 0, we get 

(4.15) \VB\' = -xlXl + -xlXl = -\X\^Xl = -\Xf\B\\ 
By dMD, |V5|2 = |5|2(|5|2 - 1), we obtain 

(4.16) = 8(|5|2 - ^) = 16A? -4. 
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From Ricci identity (14. ip . we can obtain 

(4.17) hijki — hijik = (Aj — \j)\i\j{6ikSji — SuSjk). 
Especially, huki = hmk- Moreover, 

(4.18) = ^{\B\'^)ki = ^{hijkhiji + hijhijki). 

id 

Combining (14. 4p and f l4.18p . we have 

hiiki = -^{xihkii + X2hki2 + hki) — -^-^ hijkhiju 



h22ki — -jixihkii + X2hki2 + hki) — — T- hijkhiji. 



(4.19) 

4 Za2 

Combining fOTjl -f HTTl) and fHl9D . we have 

_ Ai Ai 2 , _ Ai Ai 2 

/^llll - ^ ^3^2? "-1122 ^ -^X^] 

(4.20) /i22ii = - yXi; /i2222 = ^ " 

1 1 

^1112 = ^1121 = -^XiX2\l'., ^2212 = ^2221 = oa;ia;2A2. 

O O 

By glEl) and fICTD . we get 

(4.21) iV^fip = 5^ = ^(|Xr + 2|Xp + 8) = A?(16At - Q\\ + 1), 
and 

(4.22) Y.^l,{\l-2\\,) = \VB\'\l. 
By formula (14. 2p . we have 

(4.23) A?(16At - 6X1 + 1) = 2A2(2A? - i)(2A? - 1) + 6A?(2A? - ^)A?, 
which implies 

(4.24) A? = ^. 
By Km . we get 

(4.25) |Xp = 8|5p -4 = 8. 

By the formula dH, ^C^T + (l^p - i)/f = //(see also 0), we have 

(4.26) CH + H = 0. 

Let the set E = {p e M; H{p) = 0}. Since H changes sign and fl425D . -E 7^ 0, 
SE' = ^, E C dD2^ and if(p) 7^ for any p G -02^2- Then there is a constant 
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Ci > 1 and an eigenfunction ui > in some connect component fii of -D2V2 ^^^^ 
that 

Cui + ciUi = in f^i 
Milaoi = 0. 

Let g = A — then Cg = — = |Xp — 4 = —(7. There is a constant 

C2 G (0, 1] and an eigenfunction M2 > in some connect component ^2 of D2 with 
1^2 C fii in D2 such that 

Cu2 + C2U2 = in (^2 
U2\dn2 = 0. 

By the Rayleigh quotient characterization of the first eigenvalue, we know the first 
eigenvalue is decreasing in domains. The above argument contradicts with this fact. 
Therefore, the case H changing sign and > | is impossible. 

□ 

We define the traceless part of second fundamental form hj B = B — ^gH, where 
g is the metric of M. Then we have 

\TT\2 \\7fJ\^ 

\B\-' = \B\^-\^, and ly^P = |V5P - ^li^. 



n n 



In face, by [lU], the tensor V-B could be decomposed into orthogonal components 
ViBjk = Eijk + Fijk where 



Eijk = -^{gijVkH + g^kVjH + g^k^iH) and \E\^ = -^\VH\\ 
n + 2 n + 2 



Then 



(4.27) 



|V5|2 =|V(5 - -gH)\^ = iVfip - - y^{B,,k, 5,,H„) + -\VH\ 



2(n + 2), „ 1, „ 
n 

\VB\^ - -\VH? + -\VH? = |V5P - ilVifP. 

n n n 



Theorem 4.3. Let be a complete self-shrinker in M.^, if\B\ is a constant on M, 
then = or i. 



2 



Proof. By ^B) and (121]), we have 

(4.28) = - = 2|V5|2 + 2|5|2(1 - j^H 

2 2 
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Let Baej = hiju, and the matrix hij can be diagonalized by hn = A, /i22 = —A, and 
hi2 = 0. Then 



22fcJ 



hik + h22k = iov k = 1,2, 

and 

4|snv|i?ip =MB\T = ^^^-M' = + h 

(4.29) fc i,j k 

=4A^|V5|2 = 2|5nV5|2. 

If \B\ = 0, then we complete the proof. Now we suppose that \B\ is a positive 
constant. Then by and (gSlD, we get |5p = i. 

□ 



Now, we give a result on finite integral properties about derivatives of second 
fundamental form, which is useful in the later integral estimates. 

Proposition 4.1. Let M be a complete properly immersed self-shrinker in M"+^, if 
\B\ is bounded on M, then Jj^ |V^-Bpp < oo and Jj^^^ |V-Bpp < oo for < p < A. 



Proof. Let r] be an arbitrary smooth function with compact support on M, by 02. 6p 

we have 

(4.30) 

/ \vb\Wp=I \b\\\b\^-IWp + U im'Wp 

= [ \B\\\B\'-1-Wp-2 [ {V\B\-Vv)\B\r^P 
Jm ^ Jm 

< [ \B\MB\'-lWp + e [ |V|i?||Vp+-/ \B\'\Vv\'p. 
J M ^ Jm e Jm 

Since is bounded and M has Euclidean volume growth [8], then by f l4.30p . we 

get 

(4.31) / |Vi?|V< / \B\\\B\^-\)p<^. 

Jm Jm ^ 

Using this argument for (14.21) . we get 
(4.32) 

/ |V^5|V</ (|5p-l)|V5|V + 3 / E^y^^-2A.A,)P+| / |V|fi'^'^ 
J M Jm Jm ■ • , ^ J m 



P 



<oo. 
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For any q > 0, multiplying \'VB\'^r]'^ on the both sides of (I2.6p . and integrating by 

parts, we obtain 

(4.33) 

/ |VSr+Vp= / \Bn\B\'-h\\/B\^v'p+l: [ {C\B\')\\/B\^v'p 
Jm Jm ^ ^ J M 

= [ \B\\\B\'-l)\VB\'^^'p-l [ V|firV(|Vi?|V)p 

<[ \B\'i\B\'-l-)\VB\^v'p + q [ \B\.\VB\^V'B\v'p+ [ \B\.\VBrW\p 
Jm ^ Jm Jm 

<C [ |V5|Vp + ^/ \VB\'"ir]^p + C f \W^B\Yp + C ! | V5|^+i| Vr^V, 
J M ^ Jm Jm Jm 

where we have used Young's inequality in the last inequality of f l4.33p . By (14.3 ip 

and (021) . we know /^^ \VB\^p < oo for g = 1 in flCT]) and /^^ |V5|V < oo for 

g = 2 in (I4.33p . By Holder inequality, we get this Proposition. □ 

In what follows, we always denote S = Define 



where hij = \i5ij at the considered point. Then 

f = 2{SU-fl). 
It is a higher order invariant of the second fundamental form. 
Lemma 4.1. 



-P 

m 



Proof. By Stokes formula, we have 

(4.34) -/ ^i.hijp)j{h),= j J2^^jif3)ijP- 

Jm . . Jm 

Since H = — -^^y^, then 

(4.35) EC'-i").- = E - E '"^^p = -"-^p + ^^T^" = °. 

j j j 

and combining the Ricci identity (14. ip 

tij hijij hjiji AjAj(Aj Aj) "^iyj, 

we have 

(/s);; = ''^^^{'ihijihjkhkiji = S''^^{hijiihjkhik + hijikkjih^i + hijikj^hiki) 

(4.36) 
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Combining fOijl -f OBj) . we get 
(4.37) 




By Stokes formula and fl4.35p . 
(4.38) 




Combining fl4.37p and fl4.38p . we complete the proof. □ 
Lemma 4.2. If notations are as above, then 3E < (S + Ci/^/^)|V-Bp, here Ci = 

2^6+3 
V^2lV6+103/2 ' 



Proof. For any three distinct positive integers i,j, k G {1, ■ ■ ■ ,n}, if AjAj < and 
XiXk < 0, then by Cauchy inequality, 2|AiAj| < |(Aj — A^)^ which implies |AjAjp < 
i(A.-A,)2A,2A|, and 

(|A,A,| + \XM? < 4(|A.A,f + lA^A^n < (A, - A.O^A^A^^ + (A, - XkfX^Xl < ^. 

Since there must be a nonnegative number in three number {AjAj, AjA^, AjAfc}, 
we always have 

(4.39) -(A,A, + A,A, + A,A,) < {^y/'. 

On the other hand, by a simple computation, the function ((x) = x^(l + x)^(4x — 
l)~^ on (|, +oo) attains its minimum at x = 1 + If A-,- = — xAj, then 

(-A^ - 4A.A.)^ = (4a: - 1)^A^ < ^^^-^Xf 

(4.40) ^ C(l + v^) 

= -^{\ - A.O'A^A^ < 
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Let Ci = -jyM±S=, by the definition of S and fICTD . (ICTj) . we have 

Y 2I1/6+51.5 

3S < 5^ 4,(A2 + + - 2(A,A, + A,A, + A,A,)) + 3 h%{\'^ - 4A,A,) 

i,j,k distinct j^T^j 



ij'jfc distinct jA¥^j 

<(^ + Ci/^/3)|VS|2. 



/ 



2C(1 + VTS) 



□ 



By the previous definition of t 



(4.41) , , 

Now, we are in a position to prove a second gap property for self-shrinkers. 

Theorem 4.4. Suppose that M" ^s a complete properly immersed self-shrinker in 
IR"'^-'^, there exists a positive number 6 = 0.011 such that if \ < < | + then 

Proof. By (14. 2p . fl4.4ip and Lemma WA \ K2 \ for some fixed < 6^ < 1 to be defined 
later, we have 



1(1-0) I fp + le I \vs\'p 
^ ^ fp-le I 5p< / \v'B\^p-le I Ep 



4 Jm 2 Jm 2 j ^ 

= I (5-l)|Vi?|V + 3(l-^) / 5p + | / |VS|V 

< f (^-i)|vi?|V + (i-^) / (5 + Ci/V3)|v5|V + ^ / |V5|V 

<l ((2-^)5-l)|Vi?|V+? / |V5|V+7(1-^) / /P 



(4.42) 



+ ^C7f(l-^)t(l-e)-i^JV5|V, 

where we have used Young's inequahty in the last step of the above inequahty, then 
(4.43) 

0</ ((2-^)^-l)|V5|V+(|-f ) / \VS\'p + C,{n,e) [ ivfiiV, 



18 QI DING AND Y.L. XIN 



where C2 = C2{n,e) = |Cf(l - -^)-2. 



By fl2.6p . for some e > to be defined later, we have 



\VBfp= I S{S-l)\VB\p+l I {\VB\CS)p 



M J M 2 2 J 



(4.44) = / S{S-\)\VB\p- \ [ {V\VB\.VS)p 

J M ^ ^ J M 

<[ S{S-h\VB\p + e [ |V^5|V + T^/ |V5|V 



Combining (14. 2 p and f l4.10p . we obtain 



/ |V^5PP< / {y^^^S-l)\VB\^p+l [ |V5|V, 
Jm Jm ^ J m 



with the help of the above inequality, f l4.44p becomes 



/ \VBfp<\ S{S-l)\VB\p + e [ {^^^r^S-l)\VB\'p 
^g-j Jm Jm ^ Jm ^ 



Multiplying S on the both sides of (12. 6p . and integrating by parts, we see 



^ ^ |V5|V= \ S\S-\)p- I S\VB\'p 



2 Jm Jm 2 

(4.46) = / SiS-h'p+l [ S{S-hp- I S\VB\'p 

Jm ^ ^ J M ^ J M 



^ / d-5)ivi?rp+ / s{s-\fp. 

Jm ^ Jm ^ 
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Combining fH^ . f l445|) and f06|l . we get 
(4.47) 



< (^(2 - - 1 + CeC^^^S - 1) j I V5I V + ^ S{S - \)\VB\p 



M 



L ('^ - j)-* - 1 + C,t(^:3I±ls - l)j I ViSIV + ^ S(S - i)|VB|p 



M 



S{S - i)V 



+ C.£s(S-i)|VB|p-H(3-f + C.(3. + l))/ 

By Cauchy-Schwartz inequality and f l2.6p . we have 

/ S(5-i)|V5|p 
Jm ^ 



(4.48 



M 



Combining (ES]), ( lOTll and ( lOHll . we have 
(4.49) 



4 ' 4 2 8e" 2' 
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Let e = ^/ 2(yi7+3)+405 ^ ^ = 1/2, then = f Q < 0.8933, and | - ^C\e > 0, 



^ / 1 0-8933 /,,Vl7 + 3 21 , /■ _^,2 

If we choose 5 = 0.011, then \WB\ = 0. □ 
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